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Abstract—This article presents a new study on adaptive control
of multi-input and multi-output (MIMO) discrete-time nonlinear sys-
tems with a noncanonical form involving parametric uncertainties.
The adaptive control scheme employs a vector relative degree
formulation to reconstruct the noncanonical system dynamics and
derives a normal form. Then, a new matrix decomposition-based
adaptive control scheme is proposed for the controlled plant with
a vector relative degree [1,1,...,1] under some relaxed design
conditions. In particular, the matrix decomposition technique is
adopted to overcome the singularity problem during the adaptive
estimation of an uncertain high-frequency gain matrix. The adap-
tive control scheme ensures closed-loop stability and asymptotic
output tracking. An extension to the adaptive control of general
canonical-form MIMO discrete-time nonlinear systems is also pre-
sented. Finally, through simulations, the effectiveness of the pro-
posed control scheme is verified.

Index Terms—Adaptive control, matrix decomposition, non-
canonical form, output tracking.

|. INTRODUCTION

Adaptively controlling uncertain multi-input and multi-output
(MIMO) nonlinear systems suffers from the singularity problem during
the adaptive control design process. This problem is generally caused
by adaptively estimating the uncertain high-frequency gain matrices.
Estimating the latter matrices may be singular in parameter adaptation,
leading to the singularity problems of the adaptive control laws. To solve
the singularity problem, Morse introduced the matrix decomposition
technique [1].

To date, several works addressed the singularity problems
corresponding to the high-frequency gain matrices. For example,
the work in [2] systematically summarized some matrix decomposition
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techniques commonly used in adaptive control of MIMO linear
time-invariant systems considering continuous-time (CT) and
discrete-time (DT), while the work in [3]-[5] studied matrix
decomposition-based adaptive control problems for CT nonlinear
systems. Matrix decomposition-based adaptive fuzzy/neural network
control methods of CT nonlinear systems were also proposed [8]-[13].
Specifically, for CT and DT LTI systems, existing methods generally
employed the transfer function matrices for the control designs, with
the stability analysis relying on the small-gain lemma [2]. For CT
nonlinear systems, popular methods commonly used robust control and
approximation techniques; however, they usually needed the bound
information of the eigenvalues corresponding to the high-frequency
gain matrices [3]-[7]. Recently, the work in [8] developed a matrix
decomposition-based adaptive control scheme for MIMO CT nonlinear
systems under a linearly parameterized control framework.

However, applying the matrix decomposition technique to adaptive
control designs of MIMO DT nonlinear systems is rare, especially
for those in noncanonical forms. The noncanonical form refers to the
system dynamics not being in the strict-feedback form and the output
being generally a combination of some or all of the state variables.
Accordingly, the canonical form means that the system dynamics are
of the strict-feedback form, and the output is the first state variable.
The canonical-form systems have explicit relative degrees that are
crucial for adaptive control designs. The existing adaptive control
methods of CT and DT nonlinear systems primarily focus on the
canonical-form systems, which are not effective in controlling the
noncanonical form systems. This is because the noncanonical form
systems do not meet the canonical-form matching conditions [14]. On
the other hand, there are no transfer functions or small-gain lemmas
for DT nonlinear systems. Thus, the existing methods for LTI systems
cannot be directly used. The control methods of [12] referring to
the noncanonical form CT systems are also not applicable to con-
trol the noncanonical form MIMO DT systems due to the essential
differences between the stability characterizations of the CT and DT
systems.

Therefore, the singularity problem is still an open research case.
To this end, we develop a matrix decomposition-based adaptive state
feedback control scheme for a class of MIMO DT nonlinear systems.
It solves the adaptive controller’s singularity problem, and ensures the
desired system performance. We also demonstrate that the proposed
control scheme is applicable to control a general class of uncertain
canonical-form nonlinear systems. Finally, through an example, we
verify the validity of the proposed control scheme.

Il. PROBLEM STATEMENT

This section presents the system model and the problems to be
addressed in this article.
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A. System Model
Consider the following MIMO DT nonlinear system:

z(t+1) = 03¢ (x(t) + Bu(t), y(t) = Cx(t) 1

where te{0,1,2,...}, z(t) = (21 (), 22(¢),.. .,z (V)T €
R™  y(t) = [ya(t),y2 (1), yne ()] €RM, and  w(t) =
[ (), u2(t), .., un(t)]F € RM are the state vector, the output
vector, and the input vector, respectively, and 6’}, B, and C are
constant matrices defined as B = [By, B, ..., By € R™M with
Bg = [bjl7 ey bjn}T € Rn, C= [0’11"7 C’QT, ceey O};AT € RMXn with

C;T = [le, ceey Cjn]T (S Rn’

T
05

(SF c RnXZ;:1 Pi
07
= (031,655, 05,,]7 € RP:, ds(x(t)) =

(67, (500 67, (2(0), . 67 ((0)]F € RIS with 6, (a(0)
= [far(z(t)), .. fip; (x(t))]" €RPi, ¢=1,...,n and f; : R™ —
R, k=1,...,p;, being smooth mappings. Note that the remaining
elements of ©% not explicitly defined are set to zero. In this article,
we assume that the mappings f;; are known and Lipschitz on R",
the matrices @}, B, and C' are unknown, and the state variables are
measurable.

System (1) is of a noncanonical form with linearly parameter-
ized uncertainties. Note that the results of this article can be ex-
tended to a general class of noncanonical form DT nonlinear systems
of the form (t + 1) = f(z(t)) + g(z(t))u(t),y; (t) = C;z(t), k=
1,2,..., M, where g(x(t)) = [g1(z(t)), g2(x(t)), ..., gn(z(t))]T €
R™M such that g; : R™ — R™ are nonlinear smooth mappings with
linearly parameterized uncertainties. Given that the control design for
the general system case involves a large amount of notation, to improve
readability and preserve the article in a reasonable length, we use model
(1) to show the control design details.

The control objective is to develop an adaptive state feedback control
law for system (1), ensuring that all closed-loop signals are bounded and
y(t) tracks any given bounded reference output y*(¢) asymptotically:

limtﬁOC (y(t) - y*(t)) =0.

with 0%, and

B. Research Problems

Relative degrees: Note that system (1) is of a noncanonical form,
which is not suitable for adaptive control designs, and thus, we first
reconstruct the system dynamics. In this article, we employ a relative
degree-based reconstruction method to solve this problem. Spurred by
the single-input and single-output (SISO) DT nonlinear systems where
the relative degree concept has been systematically studied [15], in this
article, we extend the relative degree concept to facilitate the MIMO
DT nonlinear system (1).

Define F'(w,u)=0%¢y(x(t)) + Bu(t) and Fy(x)=F(z,0). Let
notation o denote a composition operation, i.e., p; o po denotes that
p1 is a function of py for any functions p; and p, with appropri-
ate dimensions. Specifically, for any positive integer k, we define

FfoF(z,u) = Fo(FF ' o F(x,u)) with FY o F(z,u) = F(z,u)
and Iy o F(z,u) = F(F(x,u),0). Then, we define a matrix
p1—1 Py —1
a=lo OF[* " o F(z,u) O OF} o F(x,u) @

ou T ou

which will be used to define the vector relative degrees.
The relative degree definitions proposed in [15] and [16] motivate
us to develop the following definition.

Authorized licensed use limited to: CAS Academy of Mathematics & Systems Science. Downloaded on July 28,2022 at 02:08:31 UTC from IEEE Xplore. Restrictions apply.

Definition 1: System (1) has a global vector relative degree

oF (z,u
(1,02, pu) (pj =1 and 3271, p; <), if Cy %

0, k;=0,1,...,p; —2, =1, 2 ., M;and Gin (2) is nonsingular
for all (x,u) €R" x RM.

This definition specifies a general vector relative degree condition
for system (1) and can be extended to define vector relative degrees for
a general class of nonlinear systems.

System dynamics reconstruction: The following lemma specifies a
relative degree dependent normal form.

Lemma 1: If system (1) has a vector relative degree [p1, p2, - - -, pas]
for all (z,u) € R" x RM  via a diffeomorphism T( () =

(7). n" O] for £(t) = (& (1), .. & ()] ERZJ 1 with

E5(1) = [631r -1 £30,]7 € R and () € R" 251" then system
(1) can be transformed into two subsystems: the output dynamlcs

Eit+ 1) =&un®), i=1,..,p; -1
$ip; (t+1) = FPJ o F(z(t),u(t))
with&;1 (t) = ( ) j=1,2,..., M,suchthat G in (2) is nonsingular
forall (z,u) € R® x RM, and the internal dynamics
n(t+1) = q(&(t),n(t), u(t)) ©)

M M M
where q Rzﬂ'zl P % RWZJﬂ P RM Rnfzjzl "7 is anon-
linear smooth mapping.

To prove Lemma 1, we specify £(¢) and n(t) with &;1(¢) = y;(¢).
Based on the Frobenius Theorem [16, Th. 1.4.1], one can find n —
Z?; p; vectors to construct 7(t). The proof of this lemma is similar
to the case of CT nonlinear systems. For further details regarding the
proof of the latter, the reader is referred to [16].

Specification of the control problem: If system (1) has a vector
relative degree [1,1,...,1] for all (x,u) € R™ x RM, then the output
dynamics are

y(t+1) = 07507 (x(t) + Ogyu(t) @

where O, is nonsingular, and © f and ©}, are in the forms O} P =
0%, 55 - .,QZMf]T and ©F, = [0, - .,HZMb]T with szf =C;0%
and szb = [Oth C’jBQ7 N OjB]M}T

A commonly used adaptive control law for (4) is in the form
u(t) = O, (1)(~O0 (1)6y (x(t)) + v(t)). where ©..;(t) and ©,(t)
are estimates of ©}  and O, respectively, and v (t) isadesigned signal.
Note that © ., (¢) may be singular in the process of parameter adaptation,
leading to the adaptive control law singularity. This article solves this
problem by developing a matrix decomposition-based adaptive control
scheme under a linearly parametric framework.

Remark 1: If system (1) has any higher order vector relative de-
gree, the situation is quite different. For example, if system (1) has a
vector relative degree [2,2,...,2], then the output dynamics are y(t +

) 99§ (0% ¢ ¢ (z)+Bu)
2) = ©%,;64 (050, (x(t)) + Bu(t)) such that ©F , ——LF

is nonsingular. Since ¢ is a nonlinear mapping process, y(t + 2) lin-
early depends on O, ; but nonlinearly depends on ©7%, B and u(t). Such
characterizations impose two difficulties: how to simultaneously handle
the linearly and nonlinearly parameterized uncertainties in y(¢ + 2) and
how to derive an explicit adaptive control law. Although several works
address adaptive control for systems with nonlinearly parameterized
uncertainties and/or nonaffine control inputs [17]-[26], these methods
cannot be directly employed to solve the problem discussed previously.
Thus, this article mainly addresses the vector relative degree [1,1,...,1]
case, while the high-order case shall be a future study.
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I1l. ADAPTIVE CONTROL DESIGN

This section presents the control design details for system (1) with a
vector relative degree [1,1,...,1], along with an extension of the adaptive
control scheme.

A. Design Conditions

For an adaptive control design, the control law wu(t) is
designed of the basic form wu(t) =u(z(t),y*(t),0(t)) =
w(TL(E®),n(t)),y*(t),©(t)), where y*(t) and ©O(t) denote
the given reference output and a set of parameter estimates,
respectively. Thus, (3) can be expressed as n(t+1)=

al€(0)n(e), (T (€0, 1(1), ¥ (1), ©(1)) = QW) 1(D). (D),

where  Q:RZvi=1"7 x R 25=17 % R™ - R™ 2=17 s
a smooth mapping process, and v(t) € R” is a bounded signal
depending on y*(¢) and ©(¢). Based on this manipulation, we make
the following assumption.

Assumption 1: The origin of system n(¢t + 1) = Q(0,n(¢),0) is
globally exponentially stable, and Q(&,n,v) is globally Lipschitz in
& and v.

In the literature, Assumption 1 is often called the input-to-state stable
(ISS) condition [27], [28]. With Assumption 1, one can verify that if
&(t) and v(t) are bounded, 7(t) is bounded.

When system (1) has a vector relative degree [1,1,...,1], the output
dynamics are given by (4). Nevertheless, to utilize (4), we need the
following assumption to decompose O, .

Assumption 2: All leading prlnelpal minors of ©F,, defined as
A;, i =1,2,..., M, are nonzero and their signs are known.

Remark 2: Based on Assumption 2, ©F, can be uniquely decom-
posed as ©%, = LD*U for some unit lower triangular matrix L, some
unit upper triangular matrix U, and

AIM }
. .6
A]Mfl ( )

Furthermore, we can derive the SDU decomposition as G)Cb =
S*D,Us, where S* = LD*D;* LT is a positive definite matrix, Uy =
D;'L'" D,U is a unit upper triangular matrix, and

A
D* = diag{d},d},...,d,,} = diag {Al, KQ’ »
1

D, = diag{s’{, S;» EER) 8?\4}
sign[dy Jyar}  (6)

M, are chosen positive constants. ]

= diag{sign[d]|y1,sign[d5]7e, . . .,

such thatv;, 1 =1,...,

B. Parameterized Model and Adaptive Control Law

From Assumption 2, a parameterized model of (4) is derived as

S ly(t+1) = D19 (2(t)) + DsO3u(t) + Dyu(t)  (7)
where ©F = D;15*10;;, and ©; = U, — I of the form
0 0315 0515 - 05

0 0 O3 Oy
0 0 o - ez(M—l)M
0o 0 0 .- 0

To ensure the desired system performance, the adaptive control law
is designed as

u(t) = — Oz(t)u(t) — O1(t) ¢y (x(t)) + Os(t)y"(t + 1)
—O5(t)Am(y(t) —y' (1)) ®)

where ©;(t), i = 1,2, 3, are the estimates of ©3, ©3, and (S*D;)*,
respectively, A,, is a stable matrix, and y*(t) € RM is a given bounded
reference output signal. In particular, ©(¢) has the form

0 O212(t) O213(t) -+ O (t)
0 0 Os(t) -+ Onm(t)
Oty = |- - )
0 0 0 . 92(1\/[,1)]\4(15)
0 0 0o - 0
where 0y;;(t) are estimates of 65, ;.

Remark 3: The adaptive control law u(t) can be calculated as fol-
lows. Let w(t) = [w1 (t) U)g(t) . ,’ij(t)] = —@1( ) f(.%‘(t)) +
O3(t)y*(t+ 1) — ©3(t) A (y(t) — y*(¢)). Note that w(¢) is indepen-
dentof u(t), and u(t) canbe expressed asu(t) = —Oq(t)u(t) + w(t).
Then, u(t) can be sequentially calculated as

uM(t) = ’lUM(t)

uni—1(t) = — Oamr—1ymr (D) uns (t) + war—1(t)

Uy (t) = —9211(t)u2(t) — 021 M(t)uM(t) + wq (t)
(10
C. Tracking Error Model
We define the tracking error e(t) = ( ) —y'(t) e RM.
Substituting (8) in (7) yields S* 'y(t + 1) = —D,O1(t)¢y(x(t)) —
D,Oy(t)u(t) + DOz (t)y*(t + 1) — DsO3(t ) me(t) where
0;(t) =0;(t) —0;(t), i=1,2.  Adding —S* 'y (t+1)+

S*71 A,,e(t) to the above equation, we obtain
S (et + 1) + Ape(t))
= —D(01()¢5((1)) + Oa(t)u(t)
+O5(t)(Ame(t) =y (t+ 1))

where Os(t) = O3(t) — ©4(t). We define P, (z) =zl + A,
o(t) = [ (x(t), —u" (t), = (Ame(t) — y" (t+ 1)T]7,

U(t) = [01(1), O2(t), O3(t)]

and W(t) = W(t) — U () = [O(t), O(t), O3(t)], where z denotes
the time advance operator. Then, (11) is rewritten as

P (2)[e](t) =

To implement u from (10), we express W (t)¢(t) as

an

12)

S*DW(t)p(t). (13)

(t)p(t) = [(Te(t) — T (t), .., (s () — Wip)ons (£)]F
where
Uy () — W) = [0212() — 05195 - -, 021 (E) — 05 5s
©11(t), O31(t)]
‘I’Mfl(t) - ‘113/171 = [92<M*1)M(t) - GS(AI—l)M

él(M—l) (t), C':)S(]M—l) (t)]

Uar(t) — Wy = [O1 a(t), 02 11 ()]

Authorized licensed use limited to: CAS Academy of Mathematics & Systems Science. Downloaded on July 28,2022 at 02:08:31 UTC from IEEE Xplore. Restrictions apply.
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and

pr(t) = [~ua(t), —us(t),. .., —un(t), =7 ((t))

~(Ape(t) —y (¢ +1)7]" (14)

er-1(t) = [—un(t), —¢F (x(t))
~(Ame(t) —y (¢t +1)7]" (15)
or(t) = [~¢F (@(t), ~(Ame(t) —y"(t+1)7] . (16)

We also introduce ho(z) = z — awand h(z) = #@), with0 < a <
1. A filtered error is defined as

e(t) = Pu(2)h(2)[e](t) = [er(t), - ... enr ()]
Operating both sides of (13) by the stable filter h(z), we obtain

a7

é(t) = §"D.h(2) [Ty (t) (18)
which is the expected tracking error model.
D. Estimation Error
To design the update laws, we define an estimation error
e(t) =e(t) + @(t)o(t) (19)
where ®(t) is the estimate of S*D, and o(t)=
[01(t),02(t), .. .,oun (t)]T with
;(t) = W;(£)d;(t) — h(2)[W;9;1(t), 6;(t) = h(2)[p;] (1) (20)

Note that &(t), €(t), o;(t),d;(t) are known at the current time in-
stant. From (18)—(20), €(t) can be expressed as

€(t) = S*Dy (U161 (t), ..., Upda ()T + &(t)o(t).

E. Parameter Update Laws

To implement the control signal, we need to update ©,,¢ = 1,2, 3.
From (12), updating ©; is equivalent to updating ¥ (¢). Note that €(¢)
depends on ®(t) (the estimate of S* Dy); thus, we further need to update
d(t). Using (19)—(20), the parameter update laws are designed as

sign{d; e (£)d;(t)

UT(t+1)=wT(t) - 2 () ,i=12..,M
1)
B(t+ 1) = b(t) — %ﬁ)@) 22)
where
m(t) = \/ 1+ Zj; o2(t) + Zil ST(Hs; () (23)

sign{d;} and ~; are specified in (5) and (6) such that 0 <~} <
2Amin{S*1}, and B € R is a constant parameter such that 0 < 3 <

% with Apin {S* 71} and Aax {S*'} denoting the minimum
and maximum eigenvalues of S*~1.
Next, we derive the following lemma to specify some key properties
of W;(t) and ®(t).
Lemma 2: The parameter update laws of (21) and (22) ensure that,
forj=1,2,..., M,
1) ¥;(t) € L™ and ®;(t) € L*;

Authorized licensed use limited to: CAS Academy of Mathematics & Systems Science. Downloaded on July 28,2022 at 02:08:31 UTC from IEEE Xplore. Restrictions apply.

2) S e L2NL>, W(t+1)—V;(t) e L2NL®, and B(t+
1) —®(t) € L2 N L™

3) limy o ol =0, limy o (W5(t+ 1) = 5(t) =0,
limy o (Bt + 1) — B(t)) = 0. o
Proof: Consider apositive definite function of the form V (U, ) =

Zf; @j\i]’r + %tr[éTS**ltﬂ. Then,

and

V(,(t+1), @t +1)) = V(T (t), 8(1))

5 <2sign{d;-}vjej ()T, (0)3,()) 205 (1)3, <t>>

— m(t) m(t)
o 28T (£)S* Le(t)o T (t) ~ Blelt)a™ (1)TS  e(t) o (1)

m?(t) m?(t) '

(24)

Using the properties of matrix trace: tr[X;] = tr[XT] and
tr[XoX3] = tr[X3Xz] of any matrices X;,¢ = 1,2, 3, of appropriate
dimensions, we derive

zéT(t)S*le(t)aT(t)} _ 2 ()81 b(t)o(t)

E m2(t) m2 (1)

(25)

BeT(£)SLe(t)a™ (t)o(t)
m*(t)

o [ﬂ(e(t)aT(t)n);i*)*e(t)ﬂ(t)} _
(26)

Letting x(t) = diag{vZ6T (¢)01(t), - .., yar6 %, (t)das (t)} and sub-

stituting (25)—(26) in (24), we have
V(W (t+ 1), 8(t+ 1)) = V(T (t), 8(t))

#—1 T
T (25*717x(t)+ﬁ‘5 1o <t>a<t>)€<t)

m2(t)

m2 (D)

Since S*7! is a positive definite matrix, an orthogonal ma-
trix T, € RM*M exists such that T2T, =1 and TTS* T, =
diag{A1,Az...,An} = Ps with A; being the eigenvalues of S*71.
Then, from (23), we have

961 _ X(t>+BSnTL;1(:)T(t)J(t>

> Ty (2Amin[S* 1] — max{max; {72}, BAmax[S* |} T

= (2)Lmin [S*il] - max{maxj {’7]2}7 6)‘-max [S*il]}) 1
which implies that 257! — —X(tHBS?;l(;T(t)U(t) > agl, for
some ap > 0. Hence, we obtain V(U,(t+1),d(t+1))—

VT, (8), (1)) < —apa?

m2(t)’

and £ € L2 N L~

Thus, ¥;(t) € L™ and ®(¢t) € L>®.From (21) and (22), the property
B e LAN L™ yields Wj(t+1) — U;(t) € L2N L™ and O(t+
1) = ®(t) € L>N L. Due to = W;(t+ 1) — W;(t), and ®(t +
1) — ®(t) all belonging to L2, the properties specified in 3) of Lemma
2 hold.

Lemma 2 shows some desired properties of the parameter estimates.
Given the adaptive control law presented, next, we will analyze the
closed-loop system performance.

which implies that V' is nonincreasing

F. Stability Analysis

To proceed, some useful notation should be introduced: ¢ denotes a
signal bound; 7(¢) denotes a generic L2 N L function that goes to zero
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as t — o0o; and L™ denotes the set L>¢ = {r(t)|Vs < oo, r4(t) €
L*>} for any function r(t) with r(t) =7r(t), t <s, and rg(t) =
0, t> s.

We first give the following result that will be used for the stability

analysis performed shortly.
3: For DT signals r;(t) € RPi, 4 =1,2,3, with
p1 =po, such that 7 (t) = h(z)[r2](t) and ro(t),rs(t) € L>°,
if [|r2(t)[| < 71(t) supg<, 3 (k)| + 72(t) V£ = 0, then [r1(2)]| <
73(t) Supg< |73 (k)| + 74(¢) Vt > 0, where 7;(¢) are all L* N L™
functions.

Proof: Let h.(t) denote the impulse response function of h(z).
It can be verified that h_(t) = +(a' —6(t)) > 0Vt > 0, where 6(¢)
denotes the unit impulse response. Then, with 1 (t) = h(z)[r2](¢) and
ignoring the exponentially decaying effect of the initial conditions,
we obtain 71 (t) = St _o ho(t — k)ra(k). Let es(t) = S5 _o ha(t —
k)71 (k) ea(t) = S p_o he(t — k)72(k), which can also be expressed
as e3(t) = h(2)[m1](t), ea(t) = h(z)[r2](t). Note that h(z) is sta-
ble, and 7;(t) € L2HL°°, i =1,2. Thus, we obtain ¢;(¢) € L? N
L*>, j = 3,4. Then, by setting 7'3( ) = e3(t) and T4(t) = e4(t), we
complete the proof.

Next, we provide the main result of this article as follows.

Theorem 1: Under Assumptions 1 and 2, the adaptive control law
(8) with the parameter update laws (21) and (22), applied to system (1)
with a vector relative degree [1,1,...,1], ensures closed-loop stability
and asymptotic output tracking: lim, - (y(¢) — y*(t)) = 0.

Proof: The proof contains four steps.

Step 1: Show Zﬁl lo;(t)| < Tsupy<, ||e(k)|| 4 7. Based on the
fact that ||y*(¢)|| < c¢ (v and ¢ were defined in Lemma 3) and
fur(z(t)) are globally Lipschitz in z(t), we derive from (14)—(16) that
lo; @) < cllE@) | + clln(@)| + clle(t)]] + c. Then, with Assumption

Lemma

1 and £(t) = y(t), we have
le; DI < clle@®)] + e @7
Since ;- is proper and stable, | 7=—[p;](t)] < c+
csupy<, [le(k)||. From (20), we have
ho(2)[0;](t) = ho(2)[W;6;](t) — W;(H)p;(t)

= Ut 4+ 1) [p,)(0) + () [, ](0) — ¥y (1) (1)
= (T;(t+ 1) = ¥,(0) [0
which reveals that o;(¢) can be expressed as
73(0) = h(2) |z = D15 el | ) 28)
With  [(z = D)) 525 o, )(0)] < 195t + 1) — ¥, (0)]
-l el [p;](t)]], it follows from Lemma 2 that
(e = D)0 5 el < Tsup e +7. 29)

From (28), (29), and Lemma 3, we obtain |0 (t)| < 7 sup,.., [[e(k)|| +
7, V7 =1,2,..., M. Thus, it follows that

M

> loi @) < Tsup|le(k)|| + 7.
k<t

Jj=1

(30)

Step 2: Showm(t) < csupy<, |le(k)| + c. From the definition of §, (¢)
in (20), and given that h(z) is strictly proper and stable, we obtain
[10;()|| < csupy<; [[¢; (k)| + c. Then, from (27),

10;®)]] < esup fle(k)] +c. 3D

From the definition of m(¢) in (23), we derive m(t) <1+
S0 o (8] 4 3202, 116, ()| Then, together with (30) and (31), we
have

m(t) < csup|le(k)| + c. (32)

k<t
Step 3: Show e(t)€ L*. From (19), we get |[&(t)] <
@Il + 12@)a @) < m@) 15 + 1@ (®)]. Since &5 €
L2NL>, ®(t) € L*, combined with (30), we derive |&(t)| <

T supg<, ||e(k)| + 7. Then, we obtain

sup [|e(k)|| < 7sup[le(k)|| + 7.
k<t k<t

Let P;'(z) denote the inverse of P,,(z). Then, P, '(2)ho(z
is proper and stable. From (17) and (33), we derive that |le(t)|
csupy<, ||e(k)|| + ¢ < Tsupg<, le(k)|| + ¢ which implies e(t
Lee.

Step 4: Show closed-loop stability and lim,_, (y(t) — y*(t)) = 0.:
Since supy., [|é(k)|| < Tsup,<, ||e(k)|| 4+ 7 and e(t) € L*, we have
é(t) € L* N L>®. With P,,} (2)ho(z) being proper and stable, we obtain
e(t) € L> N L>™. Note that for any DT signal belonging to L2, it
certainly converges to zero. Thus, we conclude that lim,_,, e(¢) = 0.

With the boundedness of e(t), from (27), (30), (31), and (32), we
obtain the boundedness of ¢;(t),0,(t),d;(t), and m(t). Moreover,
from £(¢) = y(t), we derive the boundedness of &(t), which follows
from Assumption 1 thatn(¢) € L. Thus, basedonT'(z) = [¢T,nT|T,
we have the boundedness of x(¢). From (8), we have the boundedness
of u(t). O

Next, an extension of the proposed adaptive control scheme is
presented.

— =~
mINZ

G. Extension to Canonical-Form MIMO DT Systems

This part extends the application of the proposed control scheme to
the adaptive control of a general class of canonical-form MIMO DT
nonlinear systems.

System model: We consider the following canonical-form MIMO
DT nonlinear system

),i=1,2,...,. M

)+ Zg”

n(t+1) = q(&(t),n(t), u(t)) 34)

Whereyi S R,’I’] € RT",’U/i < R, fl S R’gij (S R,i,j = ].,2,...,]\47
are globally Lipschitz functions with linearly parameterized uncertain-
ties, and ¢ € R" is a nonlinear smooth mapping. For system (34), the
state vector is

yz(t+pz) 7,

z(t) = [y (@), ..yt +p1 — 1),
yar (), yar(t+ par — 1),n" (1)]7 € R,
The input vector and the output vector are wu(t) =
[wr (), - uar (O] € RY and y(8) = [yu(8), - yne (O] € RY,

respectlvely, with L = S°M
able, which implies that y; (¢t + k), i = 1,2,.
can be used for the adaptive control law design.
Assumption: System (34) needs to satisfy the following conditions.
i) The internal dynamics are ISS, which is similar to Assumption 1;
ii) System (34) has a well-defined vector relative degree, that is,
{gi;(x)} is nonsingular for all z € R™.
iii) {gij(«)} can be decomposed into the form ©)®,(x) with an
unknown constant square matrix ©F and a known time-varying
square matrix @, (x) such that det{®,(x)} is away from zero.

—, pi + 7y,. We assume that z(t) is measur-
GMEk=1,...,pi—1,
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Parameterized model: The output dynamics are expressed
a5 [yu(t+ p1)s - o yaa (t+ pan)IT = O (0(t)) + S* DUy,
where ©;¢f(x(t)) is a parameterized model of the vector
[f1(z(®), ..., far(2(t)]", S*DUs is a decomposition of ©7, and
u(t) = ®4(x(t))u(t). Based on assumptions ii) and iii), we observe
that ®,(z(t)) is always nonsingular with a bounded inverse for all
x € R™. Then, we derive a parameterized model of the output dynamics
as

yi(t + p1)

s : = D.0j¢;(x(t)) + D.Oyu(t)
Y (t+ pum)

+ D,u(t) (35)

where ©7 and O3 have the same expressions as ©7 and O of the vector
relative degree [1,1,...,1] case.

Adaptive control law: Motivated by (8), with y*(t) =
[yi(t),...,y5 (1)]T, the adaptive control law is designed as

u(t) = @, (x(t))u(t)

u(t) = — ©z(t)u(t) — ©:1(t)ds(z(t)) + Os(t)y"(t + p)
Zfial ari(yi (t +1) —yi(t +19))
~04(1) : (36)
SO anrs (ynr (E+ 1) — Yy (¢ + 1))
where ©;(t),i = 1,2, 3, have the same expressions as ©;(¢) of the
vector relative degree [1,1,...,1] case. In particular, the parameters a;

are set as constants such that all zeros of P,,,;(2), i = 1,2,..., M, are
inside the unit circle of the complex z-plane, where

Ppi(z) =27 + ai(ﬂifl)zpi71 + ez + ao-

Note that ©5(¢) in (36) has the same expression as that in (9). Thus,
4(t) can also be calculated based on the procedure of Remark 3.

Tracking error model: Let e(t) = y(t) — y*(t). Substituting (36) in
(35) provides
er(t+p1) + Zfial ayie;(t+1)
St :

ent(t+par) + M ansen (t+ 1)

= — D.61(1)¢s(z(t)) — DsOa(t)a(t)

Zféal aviei(t +4) — yi(t + p1)
—D,O5(t) : (37)
02 anrienr (b +1) — iy (t+ par)
where O3(t) and Os(t) have the same expressions as Og(t)
and Og3(t) of the vector relative degree [1,1,..,1] case.

Let — W(t) =[O1(t),0:(t), O3()],W(t) = U(t) — W (¢) =
[©1(), O2(t), O3(t)], P (2) = diag{ Pr1(2), .. ., Pnar(2)}, and
o(t) = [~o5 (2(t), —a" (t), - Z aviei(t +1) +yi(t + p1)
= Z anrienr (t +14) + Yir (¢ + par)] "

Then, (37) can be expressed as
P (2)[e](t) = S* DU (t)p(t) (38)

which is the expected tracking error model.
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With the adaptive control law (36), the tracking error model (38), and
following the design procedure of the vector relative degree [1,1,...,1]
case, we sequentially derive the corresponding estimation errors and
parameter update laws, and prove that the adaptive control law (36) can
ensure closed-loop stability and asymptotic output tracking. Neverthe-
less, we omit the relevant details to optimize the reading flow.

We have developed a matrix decomposition-based adaptive control
scheme for system (1) with vector relative degree [1,1,...,1]. Moreover,
we demonstrated that the control scheme is applicable to adaptively
control canonical-form MIMO DT systems with a general vector rela-
tive degree.

IV. SIMULATION STUDY

This section demonstrates the design procedure and verifies the
effectiveness of the proposed control method.

A. System Model

Consider the following system model
x(t+1) = f(z(t)) + Brui(t) + Baua(t)
y; (t) = Cyz(t), j=1,2

where  x(t) = [z1(t), z2(t), z3(t)] € R® is the state vector,
u;j and y;, j=1,2, are the input and output variables,
respectively, B; =[1,0,1]T7, B, =][1,2,0]T, C, =[-1,0,0],
Cy=[1,-2,-1], and f(z) = [f1(x), f2(z), fs(x)]T. Moreover,
fi =07 ¢p =[1.2,2.08,0.24] [z, 71 sinxz, /1 + 23]", fo =
0T s, = [0.16,04)[zzsinzy, 217, and  fy =0T s, =
[0.48,1.6][x3,sin(x;)]T. In this simulation, we assume
that Bj;,Cy,0;,1=1,2,3, j=1,2, are all unknown, and
@t =1,2,3, are known.

(39)

B. System Transformation

From the B;,C;, j = 1,2 parameters, we obtain

CiB, C1By]  [-1-1
CyBy CoB, |~ | 0 -3

which implies that system model (39) has a vector relative degree
[1,1]. Then, based on Lemma 1, let [&;(2), &(8)]F = [y1(t), y2()]T
and n(t) = x3(t), and the system model is transformed into two sub-
systems: the output dynamics

yi(t+1) = — fi(z(®t) —ui(t) — ua2(t)
y2(t +1) = fi(z(t)) — 2f2(x(t)) — f3(z(t)) — Bua(t)

and the internal dynamics n(¢t + 1) = f5(x(t)) + w1 (t). Based on the
transformed system dynamics, one can verify that the simulation model
satisfies Assumptions 1 and 2.

(40)

C. Parameterized Model

With the relative degree condition, the output dynamics (40) are pa-
rameterized as y(t + 1) = O ;¢ (x(t)) + O, u(t), where ¢;(z) =

[x1, 21 sinws, /1 + 22, 3y sinxy, 21, 23,sin21]7, and

« _ | —12-208-024 O 0 0 0
ef 7| 1.2 208 024 —0.32 -0.8 -0.48 —1.6

. [-1-1
cb — 0 -3
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Fig. 1. Response of output y of the model (39) versus y*.
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Fig. 2. Response of control input and system state variables.

To derive the parameterized model, we first decompose O}, as the

SDU form
. o (10| |-10 11
== o1 6 %) [o1]

where S*, D, and U, are the three matrices of the right-hand side of
(41), respectively. Then, from (7), the parameterized model of the output
dynamics is

(41

S7ly(t+1) = D1 ¢ (x(t)) + DsO3u(t) + Dsult)

where

and

o — 1.2 2.08 0.24 0 0 0 0
17 1-0.4 —0.69 —0.08 0.1067 0.2667 0.16 0.5333 | *

D. Adaptive Control Law
From (8), the adaptive control law is designed as
u(t) = — Oz(t)u(t) — O1(t)ds(x(t)) + Os(t)y"(t + 1)
= O3(t) Am (y(t) -y (1))

where  y*(t) = [-1 —0.5sin £ +0.5cos £,2+0.5cos £]”, and
©,;(t),i = 1,2, 3, are the estimates of ©}, O3, (S*D,) 1, respectively.
Specifically,

O.(t) = [0111(t) 6112(t) - -+ 0117(75)}

| 0121 (L) Or22(t) -+ O127(t)

ou0 = 330

[ 0311 () O312(%)
O3(t) = | 0301 (1) 0322(t)]

and

Ol
N O

("D, = {_01 70.2333} ) Am = { } '

From (21) and (22), the parameter update laws can be specified.
However, to preserve areasonable article length, we omit further details.

Fig. 1 presents the response of y(t) of the model (39) versus y*(t),
which highlights that y(t) tracks y*(¢) asymptotically. Fig. 2 illustrates
the response of the control signal «(t) and the system state variables,
indicating that the input and the state variables are bounded. In sum-
mary, the simulation figures verify the validity of the proposed adaptive
control scheme.

V. CONCLUSION

This article develops a new matrix decomposition-based solution
to solve the singularity problem in an adaptive control design of a
class of noncanonical form MIMO DT nonlinear systems with a vector
relative degree [1,1,...,1]. The developed control design overcomes
the restrictive conditions presented in the literature. The restrictive
conditions are the controlled plants of some canonical forms and the
high-frequency gain matrices of positive/negative definite. Through
simulations, we demonstrate the control design procedure and verify
the effectiveness of the proposed control scheme. Further work shall
address the adaptive control problem for systems with high-order vector
relative degrees and investigate the practical application of the proposed
control scheme.
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